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ABSTRACT

It is shown that Markov processes traverse their trajectories in just one way, and
applications are given to the Blumenthal, Getoor and McKean theorem.

§1. Introduction

There are two main results we wish to state which are proved in part in the
present paper and in full in forthcoming papers. The first is that whenever a
particle which is undergoing motion governed by a strong Markov process with
stationary transition probabilities and without holding points traces out a fixed
trajectory segment, it must trace it out in a fixed length of time depending only
on the transition probabilities and on the trajectory segment. This theorem has
as an immediate corollary the fact that a continuous Markov process on the real
line which always moves in the same direction must do so deterministically. The
second main result, an application of the first, is that if two processes have the
same hitting probabilities and the second is a strong Markov process with
stationary transition probabilities, then the first can be transformed into the
second by a non-anticipating change of the time scale, without having to enlarge
the o-fields. This is a sharpening (in the case that the second process is Markov)
of the result given in [2] for two arbitrary processes with no holding points.

As is customary in probability theory, path denotes a function of time having
values in the state space and trajectory denotes the ordered set of points
traversed by the path, so that, for example, if o is fixed, X,(w) and Xe(w) are
different paths traversing the same trajectory.

" The second author received partial support from the Canadian Research Council and National
Science Foundation (MCS-7606048).
Received September 6, 1978 and in revised form December 1, 1978

241



242 R. V. CHACON AND B. JAMISON Israel J. Math.

To carry out the proof of the first result, let v, = 7, be two stopping times, with
7, defined by the post-7, behavior of the process. First, the paths of the Markov
process are grouped into equivalence classes consisting of those paths which
traverse the same trajectory segment as ¢ ranges throughout the interval [7,, 7,).
The probability measure of the process is then disintegrated with respect to these
equivalence classes. Next, it is shown that the time of traversal of the segment is,
for almost all trajectory segments, a constant depending on the trajectory
segment and the transition probabilities of the process. This dependence is such
that the traversal time of trajectory segments is consistent in the sense that if a
segment is the union of other segments, then its traversal time is the sum of the
traversal times of its components. That the traversal time of a segment is
constant is proved by first showing that it can be written as the sum of an
arbitrarily large number of random variables, which, relative to the conditional
measure on the trajectory segment, are not only independent but on {7, <} are
subject to the normality convergence criterion for triangular arrays, and is
therefore normal. Since the traversal time must be non-negative, its normal
distribution must degenerate at a constant. The idea of the proof that the
traversal time is the sum of independent random variables is contained in the
following observations. Let o; be the first exit time from a ball of radius 1
centered at the location of the process at time 0, and let o be the first exit time
after o, from a ball of radius 1 centered at the location of the process at time o;.
The paths are grouped into equivalence classes indexed by the three coordinates
£ = (X4, X,, X;), where X, is the location of the path at time 0, X, the location of
the path at time o, and X; the location of the path at time o, and then the
measure P on path space is disintegrated with respect to the equivalence classes.
The Markov property as usually stated would give the conditional independence
of o, and o, — o, given X,, but what is needed to give the independence of o,
and o, — o, with respect to P, for almost all £ is the conditional independence of
oy and o, — gy given ¢ = (X, X3, X;). This follows from the first part on applying
the lemma that if o and # are conditionally independent given 4, and if &, C o,
B,CRB, € C¥€ then o is conditionally independent of B v €, given
AoV Bov 6.

The second main result can be given in stronger form when both processes are
strong Markov with stationary transition probability functions. It can be shown
in that case that the time change satisfies a functional equation from which it
follows that the transformed process is Markov with respect to the transformed
o-fields, a minor strengthening of the Blumenthal, Getoor and McKean
theorem.
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If the condition that there are no holding points is removed, then it can be
shown that the first result still holds when properly modified. The modification
takes into account the fact that for each holding point of the Markov process
there is a parameter, depending only on the point, such that when the process
reaches the point, it holds for an exponential holding time with that parameter.
The process thus has more than one sample path in each trajectory segment
having holding points. When restricted to a trajectory, the process will move
deterministically when it moves, and will hold exponentially at holding points.
The first result thus modified is what is needed to yield the Blumenthal, Getoor
and McKean theorem directly.

The present paper contains a proof of the partial result that if paths tracing out
the same full trajectory are grouped into equivalence classes, and if the measure
is disintegrated with respect to these equivalence classes, then the disintegrated
measure is concentrated on a single path per trajectory. This holds if both
processes are strong Markov processes with stationary transition probabilities,
and there are holding points. This result is then applied to yield the second main
result in the case that there are no holding points as well as the Blumenthal,
Getoor and McKean theorem in that case.

§2. Notation and preliminaries

Let (S, d) be a locally compact, separable metric space (S is then o-compact,
that is, S is a countable union of compact subsets). We denote by 3 the o-field
generated by the open subsets of S. Let D be the set of all S-valued functions on
[0, ) which are everywhere continuous from the right with limits (in §) from the
left. There is a metric on D relative to which D is a complete separable metric
space. Let @ be the o-field over D generated by the corresponding open sets. It
turns out that & is also the o-field generated by the maps f — f(t) as ¢ varies
over [0,). For each s Z 0, let &, be the sub-o-field of @ generated by the maps
f—f(t),t€[0,s)and f € D. Let @,-=),.,%,. We adjoin to S a non-member
A as an isolated point, and set f(=) = A for each f € D. A map p of D into the
extended reals is called a path-defined stopping time if {f:p(f)=<s}€ 9, for
each s =0. We write f(p) for f(p(f)). The o-field generated by the maps
f—f(p +1) as t ranges over {0,x) is denoted by &;.

We say that X = (Q, o, M, X, P) is a stochastic process if (Q, o, P) is a
probability space, {.#,} is an increasing system of sub-o-fields of £, and, for each
t =0, X, is an ,-measurable map on ) into S. The o-fields {4} are called
right-continuous if, for each t =0, M, = M- = (., M,. The sample path X(w)
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of an w € () is the map of [0, ) into § whose value at ¢ = 0 is X, (w). Throughout
the rest of this paper we consider only processes whose o-fields {,} are right
continuous and whose sample paths belong to D. We abuse notation by using X
to denote not only the process but the map of ) into D given by v — X(w). We
shall use 7 to denote the measure on @ defined by 7(A) = P(X"'(A)), A € @:
that is, m = Po X'. We call 7 the distribution of X. A stopping time for X is a
map 7 of € into [0,%] such that, for each s=0, {r =s} belongs to the
P-completion of #,. We assume that each of the o-fields ., are complete with
respect to P. If = is a stopping time, then A, is the o-field of sets A for which
A N{r=t}€ M, for each t =0, and X, is the function defined on {7 <} by
X, (@)= X.w)(@). It is easy to see that if each of the o-fields A, is complete with
respect to P, then so is /.. The right continuity of the sample paths implies that
X, is -measurable: in fact, it is #.-measurable. We set X, = A on {r = «}. The
process X is called quasi-left-continuous if, for any stopping time r and any
stopping times 7, 1 7 (on {r <o}), we have X, — X, a.s. on {r <oo}.

We denote by %, the sub-o-field of & generated by functions X,., as 7 ranges
over [0, ).

2.1. LemMA. Let 7 be a stopping time, and U an open subset of S. Let
y=inf{t:t=0,X,,, € U}. Then y and X,., are F;-measurable.

Proor. Because X, is right continuous in f, {y < s} is the union of the sets
{X.., € U} as r ranges over the non-negative rationals less than s. But each of
these sets is in %, so y is %;-measurable. If U is open,

(X €U}=U N

m=n

k k+1
L"J {X-|-+(k+1)/ﬂE U7 ;n—é T <-m—} .

Since each set on the right belongs to %, so does the set on the left. If follows
that X,., is ¥,-measurable.

In {2}, 7 + v is called the first post-y hitting time for U, and is shown to be a
hitting time for X. The proof of the lemma also establishes the analogue of
Lemma 2.1 for path-defined stopping times p, with @ in place of %7.

A continuous time change for X is a family {r, t = 0} of stopping times such
that, for P-almost all w, 7. (w) is a continuous, strictly increasing function of ¢
with 1o(w) = 0. It is not hard to show that if the fields {.#,} are right continuous,
so are the fields {4 }.

2.2. DerFiniTioN.  The process X = (Q, o, M, X,, P) is called a Markov process
if, for every stopping time 7, E €3, and t =0,
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@.1) P(X...€E|M)=P(X...€E|X.)
P-as. on {r <o}

2.3. Lemma. Suppose X = (0, A, M, X, P) is a Markov process, and that 7 is
a stopping time for X. Then, if Y is a non-negative ¥ :-measurable function on (},

2.2) E(Y|#)=E(Y|X,)
P-a.s. on {r <},

Proor. It suffices to establish (2.2) for Y = fi(X..,)- -+ - fu(X.., ) where n
is a positive integer, 0=¢<---<t, and f,---,f. are non-negative 3-
measurable functions on S. We do this by induction on n. For n = 1, it follows
from (2.1) for f = Ir, and then for non-negative f by the usual sort of argument.
Suppose (2.2) holds for such Y’s for all stopping times 7 provided n =
I,---,m—1.Let Y = (f(X..,))Z, where Z = f,(X,.,)* - - - fn (Xest,). Then, by
virtue of the induction hypothesis and well-known properties of conditional
expectation,

E(Y|M,)=EE(Y | M..)| M)
= E(f(X...)E(Z | M...)| #.)
= E(f(X...)E(Z | X..,) | #.)
= E(f(X-+)E(Z | X...)| X.)
= E(f(X.+)E(Z | M) | X.)
=E(E(Y | M.,)] X,)
= E(Y | X.).

This establishes (2.2) for Y’s of the sort specified for all positive integers up to
and including m, and so proves the theorem by induction.

2.4. CorOLLARY. Suppose that X is a Markov process, and T a stopping time
for X. Suppose that v is a ¥ ;-measurable function on ) to [0,x). Then, for each
E€3,

(2.3) P(X..,€EE|M)=P(X,.,EE|X,)
P-a.s. on {r+y <o},

Proor. Let y, =k +1/2" on {k/2" <y =k +1/2"}. Since these sets, on
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which v, is constant, belong to %, it is clear that X.., is measurable with
respect to ;. Now let n —«, Then

E(f(Xosy,)] M) = E(f(X.,) | X.)

by virtue of Lemma 2.3. Now let n—>o. Then 7+ 7./ 7+7, whence
X, +v. — X.+, by virtue of the right continuity of the process. It follows that X,
is measurable with respect to #.. The same is true of Iz (X,.,), and now (2.3) is
an immediate consequence of Lemma 2.3.

If X = (Q, o, M, X, P)is a stochastic processes, with paths in D as we assume
throughout, so is (D, @, 9,+,n, 7), where w# = Po X" and 7.(f) = f(¢) for all
f € D and t = 0. This latter process is called the path-space process induced by X.
Since we are assuming that the o-fields {4} are right continuous, an easy
argument shows that, if X is Markov, so is the path-space process induced by it.

Let (0, %, P) be a probability space, with &, 3, and € sub-o-fields of #. Then
A and B are said to be conditionally independent given € (or ¢ L RB given €) if
P(AB|%)=P(A |%)P(B|¥€) for each A€ o and B € B. An equivalent
condition is that P(A | ® v €)= P(A | €) for each A € .

2.5. LemmA.  Suppose o and B are conditionally independent given €. The
following then hold.

(a) If 4o C A and BoC B, then { and B are conditionally independent given
Aov By v €.

(b) If 6o C 6, then A is conditionally independent of B v €, given €.

Proor. Under the assumptions of part (a), for A € &, P(A |93 vEg)=
P(A , €). Since BvE€ D RB,veé D, this implies that P(A ,?/3 vE)=
P(A|B,v€). But BvE=Bv(BovE) so PA|Bv(Bov €)=
P(A | Bov €). Thus o 1, B given B,v €. Applying the same argument again,
but reversing the roles of & and %, we obtain & L B given &, v Bo v €. This
proves (a). Assume the hypotheses of (b). It suffices to show that P(ABC l €)=
P(A |%)P(BC|€) for each A € of, B € B, and C € €. But then

E(Ialsc |6)=IcE(I. | €)IcE(Is | €)= E(Ia | €)E(Isc | 6).
Thus (b) holds.

2.6. THEOREM. Suppose that X = (Q, &, M, X, P} is a Markov process, and
that 7 is a stopping time for X. Then M. and ¥ are conditionally independent
given X,.

ProOF. Suppose Y is %;-measurable. We want to show that
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(2.4) E(Y|#M)=E(Y|X.) P-as.

This holds on {7 < 0} by virtue of Lemma 2.3. Since {r =} ={X, = A}, {1 = «}
is X,-measurable. Also X,,, = X.= A for all ¢t on {r = =}, so Y is constant on
{r = }. Thus (2.4) holds on {7 = =} as well.

If X is Markov, so is the path space process induced by X. Therefore, if p is a
path-defined stopping time, 9, L &, given f(p) (relative to the measure 7= on
D).

2.7. DerintTION.  The Markov process X = (€, o, M, X, P) is said to have
Stationary transition probabilities if there is for each t 20, x € S, and EE 3, a
number P, (x, E) satisfying the following conditions:
for each t and x, P.(x,-) is a probability measure on 3,
for each t and E, P.(-, E) is X-measurable,
for each x and E, P,(x, E) is Borel measurable in ¢,

PS+,(X,E)=IPS(X, dY)Pf(y>E)’
P(X...,€E ]/%,) = P,(X,, E) P-as. on {1 <} if 7 is any stopping time for

RAEEER I S

X.

Then the system {P,(x, E), t =0, x € S, E € 3} is called a transition probability
function for X.

We emphasize that throughout this paper we consider only processes with
infinite lifetimes.

Suppose X = (Q, o, M, X,, P) is a Markov process with transition probability
function {P, (x, E)}. Then the path space process (D, D, 9,-,n, w) is a Markov
process with {P,(x, E)} as its transition probability function. The distribution
7 = PoX ' can be defined in the following way. Let x be the distribution of
Xo:pu(E)=P(X,E E), E€X. Then 7 is the measure P, on 9 for which

(2.5) P.Af:fO)EE, f(t)EE, . f(t.)EE.}) =

| ww | Potosdx) [ Pucy(xiydr)
Ey 1 E;

: f PI,,,Z—I,,_,(xn-b dxn‘l)Pl,rl,,_p En
E._¢

for each 0<t, <---<t,<wand E,, E,,--*,E, in . The measure P, defined
on & by (2.5) is said to be determined by the initial measure w. It looks as if for
any probability measure u, the equations (2.5) define a measure P, on (D, ).
What we have assumed so far, however, does not guarantee the existence of such
a measure. If, however, we replace (D, &) by (57, %%), where S$” is the product
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space S and 3~ the coordinate o-field over 3~, then Kolmogorov’s consis-
tency theorem applies to yield a measure P, on ($~,27) for which (2.5) holds
(see, for example, [1], p. 17). Assume this has been done. For each x, let P, = P,
where u = 8,. Now, if i is the initial measure corresponding to o, P. assigns
outer measure 1 to D, and so we can define P, on (D, ?) (obtaining ). Our
assumptions, however, do not imply that the various P,’s assign outer measure 1
to D. Suppose, however, that they do, and that accordingly each P, defines a
probability measure on (D, 2). Let 6, be the shift on D defined by 6,f(s)=
f(s + t) for s and ¢ in [0, ). Then (D, &, 9,, ., 8, P.) defines a Markov process in
the sense of Blumenthal and Getoor. However, this Markov process need not
have the regularity properties possessed by the original process X, which we
require for a complete proof of the main theorem. (For example, the process
need not be strong Markov, and replacement of &, by %,» may destroy the
Markov property.) It turns out to be necessary for some purposes to assume
something even stronger, namely that (D, 9, 9.+, 7., 6, P,) be a standard process
in the sense of Blumenthal and Getoor ([1], p. 45). If this holds, we say that X
has a transition function which induces a standard process on D.

2.8. Tueorem (Dynkin). Suppose (Q, 4, M, X,, 6, P.) is a standard Markov
process (in the sense of Blumenthal and Getoor) with a transition function
{P.(x, E)} which induces a standard process on D. Let f be a bounded continuous
real-valued function on S. Then, for each t = 0, (P,f)(X,) is P.-almost surely right
continuous in s.

Proor. This is an immediate consequence of theorem 4.10 and 4.11 on page
125 of [4].
We next state for reference and prove two facts about S-valued functions.

2.9. ProposiTiON. Let I = [a, b] be a finite closed subinterval of [0,), and f a
function on I into S which is right continuous on [a,b] and has left limits
throughout (a,b]. Let >0, and ¢, | 0. Suppose that, for each m =1,2,---,
there is a t,, with [t,, t,. + 8) CI for which d(f(t), f(t.)) = e forall t € [t,,, 1., + 8].
Then there is a subinterval of I on which f is constant.

Proor. Assume the hypotheses. There is a subsequence of {t..} converging to
some f, for which [to, t,+ 8] C I. We may assume without loss of generality that
t. — 1o, in fact, that either t,, 1t or 4, | fo. Suppose t. | to. Let t € (t, to+ 8).
For sufficiently large m, tc=t, <t <t. + 8. We have

d(f(t), f(0)) = d(f(t), f(t)) + d(f(8), f(2))-
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As m — oo, d(f(t,), f(t.))— 0 by right continuity, while d(f(t..), f()) = &, <O0.
Thus d(f(t), f(t,)) = 0, so f(t) = f(t,). This shows that f is constant on [t,, t, + 8).
Suppose that ¢, 1 t.. Let t € (t, to + 8/2). For sufficiently large m, . =t, <t <
t,+ d, and

d(f (1), f(t0)) = d(f(2.), f(t0)) + d(f(tm ), f(2))-

Since both d(f(t.), f(t)) = &m and d(f(t.), f(t)) =< €., We again conclude that
f(¢t) = f(£). This shows that f is constant on [to, t, + §/2), completing the proof.

2.10. ProPosITION.  Suppose f and g are right continuous S-valued functions
on [0,) without intervals of constancy. Suppose o, and o, are continuous, strictly
increasing maps of [0,®) onto itself for which foo,= feo,=g. Then o, = 0,.

Proor. Assume the hypotheses. Then foo,co;'=f, and o =005 is a
strictly increasing map of [0, ») onto itself. We must show that o is the identity
map. Suppose not. Then there is an s € [0, ) for which o(s) # s. Either a(s) < s
or o(s)>s. Suppose o(s)<s. Let t € (o(s),s). We have o""'(s)<o"(1)<
o"(s), where o" denotes the nth iterate of o. If u =lim,o"(s), then u =
lim, o "(t). By right continuity, and feo = f, f(u) = f(s) and f(u) = f(t). Thus f
is constant on (o'(s), s), contradicting the assumption that it has no interval of
constancy. Since o(s)<s leads to a contradiction, we must have o(s) > s. But
then s > o 7'(s); since foeo ™ ={, this also leads to a contradiction. Therefore
a(s)=s, completing the proof of (b).

In [2], we state a theorem on the disintegration of measures. We restate it here
in the form in which we use it. First, suppose that (D, @, 7) is a probability space.
Let € be a countably generated sub-o-field of 9. The fibers of € are then
€-measurable. Let & be the class of all fibers of € There is an obvious
correspondence between the o-field of all subsets of & whose unions are
members of & and the sub-o-field of @ consisting of such unions. (Note that &
is contained in said sub-o-field.) This correspondence takes the restriction of
to that subfield into a measure on the o-field of subsets of ¥ to which the
subfield of 2 corresponds. We denote the measure by 7, thus at the same time
conserving and abusing notation.

2.11. Tueorem (Disintegration of measures). Let D be a complete separable
metric space, with D its class of Borel sets. Suppose that 7 is a probability measure
on 9, and that & is a countably generated sub-o-field of @, with % its class of
fibers. Then there is a family {m},cs of measures on D satisfying the following
conditions (£(x) denotes the member of F to which x belongs):
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(i) for each A € 9, 7.(A) is an &-measurable function of x,
(ii) for each A € 9 and E € &,

(ANE)= | m(a)miap)
E
and
(iii) for w-almost all ¢ € ¥, =, is a probability measure with w,(£)=1.
If Z is a bounded @ -measurable real-valued function on D, then x — [ Zdm,,
is an €-measurable version of E..(Z I €).

2.12. CoroLLARY. Let Z be a bounded & -measurable real-valued function on
D, and € a countably generated sub-c-field of 9. Then Z is 7-a.s. €-measurable
if and only if Z is w.-almost surely constant on m-almost all fibers of &.

Proor. Suppose Z is w-almost surely equal to an €-measurable function Y.
Then Y is constant on fibers of &. Since A =[Y# Z] is 9-measurable and
a-null, its intersection with -almost all fibers ¢ of € has m,-measure 0, for
O=7(A)=[n(A)n(dE)=[m (A NE)m(dE). But if £EC A, Z on ¢ is equal
to the constant value of Y on &

Suppose that Z is m.-almost surely constant on w-almost all fibers of &. Of
these fibers those for which m is a probability measure concentrating on £ have
the property that f Zdm, is the ¢-a.s. constant value of Z on ¢ Therefore, for
m-almost all ¢ Z = f Zdn, on & Since the function equal to f Zdw, on ¢ is
&-measurable by (i), Z is w-a.s. €-measurable. This completes the proof of the
corollary.

We shall also use the fact that, under the hypotheses of the corollary, Z is
&-measurable if and only if it is constant on fibers of &. This follows easily from
the case where Z is the indicator of an «-measurable set, which in turn follows
from Blackwell’s Theorem, stated on page 38 of [6].

Suppose that {m};cs is a disintegration of measures with respect to &, and
that the countably generated o-fields & and 3 are conditionally independent
(relative to ) given &. Then, for w-almost all { € &, A and & are independent
relative to .. This is an almost immediate consequence of the fact that for any
C € 9, m:)(C), as a function of x, is a version of the conditional probability
(€| €).

Suppose that (D, 9, 2.+, 7, 6, P.) is a Markov process in the sense of
Blumenthal and Getoor, which is normal in their sense (1], page 30), that is,
P, (no= x)forall x € S. Let € be a countably generated sub-o-field of 9, with ¥
its class of fibers. Then, for each x € S, there is a disintegration {P; ;};es of the
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measure P,. We shall require the fact that it is possible to arrange things so that
P_.(A) is jointly measurable in (x, ¢£) for each A € 9.

2.13. ProposITION. Suppose that (D, D, 2.+, 1., 6, P,) is a Markov process in
the sense of Blumenthal and Getoor. Let & be a countably generated sub-o-field of
@, and F the class of fibres of €. Then there is a system {P, ;(A)}, with x ranging
over S, ¢ over %, and A over D such that, for each x €S, {P. }¢es is a
disintegration of P, relative to €, and, for each A€ D, P, (A) is ZX &-
measurable in (x, £).

Proor. This proposition is an immediate consequence of a result on the
existence of simultaneous disintegrations of measures depending measurably on
a parameter. This result was first shown to us by Neil Falkner, who later
observed that it is stated on page 90 of [7].

§3. The times p., and some sub-fields of &

For each path-defined stopping time p on D and r>0, let T(p,r,f)=
inf{t:t = p(f), d(f(t), f(p))= r}. T(p,r)=T(p,r,-) is a path-defined stopping
time. We define 7 to be the smallest class of path-defined stopping times with
the following two properties:

(i) 0€9,

(i) if p € J, and r is a rational in (0,1], then T(p,r)E J.

Clearly, J is countable. We define D, to be the set of all f € 9 for which
T(p, r,f)=lim, T(p,r — (1/n),f) for all p € 7. It is clear that D, € &.

3.1. Lemma. If X =(Q, 4, M, X,, P) is a quasi-left-continuous process, then
m(Dy) = 1.

Proor. It suffices to show that if p is a path-defined stopping time r >0, and
X is glc, then T(p,r)=1lim, T(p,r — (1/n)) w-a.s. Clearly T(p,r — 1/n) = T(p,r),
and T(p, r — 1/n) increases with n. Let T.= lim, T(p,r — 1/n): then T.= T(p, r).
If fED, and p(f) <, d(f(T(p,r — 1/n)), f(p))= r — 1/n by virtue of the right
continuity of f. By virtue of quasi-left-continuity, f(T(p, r — 1/n))— f(T.) 7-ass.,
whence d(f(T.),f(p))=r m-as. on {T.<w}. Thus T(p,r)=T. w-as., sO
T(p,t)= T.. m-as., proving the lemma.

Let e, =1/2", n=1,2,---. For each such n, the sequence {p. }x-o is defined
inductively by

(l) Pro = 0,

(“) p", k+1 = T(pnk’ En)-
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Clearly {pu:n=1,2,---,k =0,1,---}C 7. For each n, let k, =sup{k : pu <
o}, If fE€ D, and k.(f) <o, then pu.(f) <o for k =k, while p.(f) = for
k > k,; if k. (f) = o, pu (f) < » for each k. We. list some properties of the p..’s in
the following lemma.

3.2. LemMA. Suppose f € D. Then the following hold :

(@) {puc}iy is strictly increasing,

(b) if n>m, and pu«.(f) <, then there is at most one value of i for which
Pric (f) < pmi (f) < P i1 (f),

(©) {pw ()Yi-1 has no finite limit points,

(d) if f has no intervals of constancy, {pu(f):n=1,2,---k=0,1,---} is
dense in [0, ).

Proor. Property (a) is obvious. Property (b) is a consequence of the
definitions of &,, p., and the triangle inequality. Because f is right continuous,

A(f(pak ), f(Pri+) Z &n if puxi(f) < oo,

and since f has right and left limits everywhere, (c) follows. Suppose there is no
pu(f) in (a,b). Let I, =sup{l:pu(f)=a}. Then d(f(t),f(pn.)) <e. for
t € (a, b), and it follows that d(f(s), f(t)) < 2e. for each s, t in (a, b). If this holds
for each n, f must be constant on (a, b). This proves (d).

Let O be the sub-o-field of @ generated by the maps f — f(p), p € 7. Then O
is countably generated. If f and g are in the same fiber of 0, we write f=¢
(mod @). Clearly f =g (mod 0) iff f(p(f))=g(p(g)) for each p € J.

3.3. Lemma. Suppose f and g are members of D, that neither has an interval
of constancy, and that f = g(mod O). Suppose m < n, and that p i..(f) <. Then
Pk () < pmi (f) < puicsslf) if and only if puc(8) < pmi (8) < Prsc1(8):

ProOF. Assume the hypotheses of the lemma. Because of Lemma 3.2(b) it is
enough to prove the following: if there is no i for which pu (f) < pmi (f) <
Pri+1(f), then there is no i for which pu(g)<pmi(g)<pai+i(g). An easy
inductive argument shows that this in turn is demonstrated if we can show the
following. Suppose that i is the largest index for which p. (f) = p. (f) and also
the largest index for Which pmi (g) = puc (g). Then p.i+1(f) > pu.i+1(f) implies that
Pm.i+1(8) > P +1(g). Assume, then, that i is the largest index for which p,. (f) =
pu (f) and the largest index for which p.i(g)= pw(g), and that p, ...(f)>
prisi(f). Let V be the open sphere of radius e, and center x. =
f(pmi) (= g(pmi))- The f-image of [pum (f), pni+1(f)] is contained in V. In fact,

(@) d(flom (f), prrr()], V) >0.
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To prove (a), suppose it does not hold. Then there are points {}C
[prc (F), P icca(f)] with d(f(t), V)—>0 as [—x. Since [pni(f), pni+:(F)IC
[Pmi (), P s+1(f)], this clearly implies that for each j, T(pm, en —(1/j),f) =
Pni+1{f). But fE D, so

T(pmis &m = (1), f) = T(prir €m, f) a8 j =,

yielding pn,i+1(f) = T(Pmi €m, f) = pn.x1(f), contrary to assumption.

Let x4 = f(pu)(=g(pw)). For each rz=0, let Tyr)=pum, Ti(r)=
T(Tr),r), . Call t,(r) = T,(r, ) an r-time for f, and t:(r) = T.(r, g) an r-time
forg, i=0,1,---.Let y.(r)= f(t:(r)) (= g(t:(r)), i =0, 1,-- - . The following is
an easy consequence of the definitions involved.

(b) t~(r) is the largest r-time for f less than p,«:(f) iff d(yi(r), xm) < e,
i=1,--+,N and d(yn:(r), xu) Z €.

It follows from (b) that if #y(r) is the largest r-time for f less than p, ..(f),
then tn(r) is the largest r-time for g less than p....(g).

Let d(f[pa (f), pri+i(f)], V) >8>0, and r a rational, 0<r < 8. For each
i=1,---,N, let W, be the sphere of radius r and center y;(r). Let W=
Wi U---U Wy. It is easy to see that W covers both the f-image of [to(r), tn(r)]
and the g-image of [£o(r), t~(r)]. Since d(W, V<) > §, it follows that the g-image
of [to(r), I (r)] is contained in V, whence p,....(f) = t~(r). Now let r | 0 through
rationals. ¢y (¢) is the largest r-time for f less than p, «..(f), so t~(r) is the largest
r-time for g less than p, ...(g). The argument used to establish 3.1(d) shows that
{t~(r)} has p, .+:(g) as a limit point as r — 0. It follows that p,. ;.1(g) = pnc1(g)

If pmjs1(8) = Pri+i(g), then
d(f(pmk*l)y xmi) = d(g(ﬂn k+l), xm.‘) Z Em,

contradicting the assumption that p. . ..(f)> p.««i(f). Therefore p,...i(g)>
Pn k1(g). This completes the proof of the lemma.

The p,.’s are not constant on fibers of 0. The lemma shows, however, that the
ordering of the p. (f)’s as n and k vary is fixed by specifying the fiber to which f
belongs — provided we restrict ourselves to functions f which have no intervals
of constancy, and which also satisfy a somewhat artifical condition whose
usefulness is a consequence of the quasi-left-continuity of the process. It would
be of interest to know whether the ordering of the p.« (f)’s is determined by the
fiber to which f belongs if these conditions are not satisfied.

Let D, be the set of all f € D, having no intervals of constancy. We say that
functions f and g in D differ by a change of variable if there is a continuous,
strictly increasing map o of [0, ) onto itself for which g = foo. We call such a
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function o a change of variable which takes f into g. Such a change of variable is
unique by virtue of Proposition 2.10.

3.4. LemMmA. Suppose f and g differ by a change of variable o, for which
g = foo. Then, for each n and k,

@ puc(f) = 0P (8)),

and
) o(s+ pu (08)) = o(5) + puc (8..f), for each s € [0, ).

Proor. We prove (a) for each n by induction on k. For k = 0, (a) is obvious.
Suppose (a) is true as it stands. Then

o (pri+i(g)) = o({inf{t : £ Z puc (8), d(g (1), § () = €.})
=inf{o(1): o (1) = o (pu (8)), d(f(a (1)), f(o (o (8)) = &4}
=inf{s : s Z pu (f), d(f(5), f(Pwe)) Z €}
= priri(f),

which verifies the induction step.
We now prove (b). Fix 5. Let f* and g* be defined by

fr@)=ft+a(s)—f(a(s)), g*(t)=g(t+s)—g(s), t€[0,).
Then
fro+s)=o(s)=fla(t+s))—fla(s))=g*1)

Thus if o* is defined by o*(t)= o (t +s5)— o(s), t €[0,%), o* is a change of
variable for which f*og*=g* It now follows from (a) that p.(f*)=
o*(p (g*)). But f* and g * differ by constants from 6,,f and 6.8 respectively, so
Pric (0,f) = puc (f*), and poi (6.8) = puc (g *). Therefore

Prc (02,f) = 0 *(pui (6:8)) = (s + puc (8:8)) — o' (s).
This completes the proof of (b).

3.5. THEOREM. Suppose that f and g belong to D,. Then f = g(mod 0) if and
only if f and g differ by a change of variable.

Proor. It is easy to see that if f and g determine the same trajectory, then
f = g(mod 0). To prove the converse, begin by assuming that f = g(mod ). Let

0o = {(p"k (f)?p"k (g)) n= 1’2, T k = O’ 1’ vt } that iS, Uo(p"k (g))= Pri (f)
(1) 0% is a function
This requires that pn..(g)= pu(g) > pm(f) = pu(f), which follows from
Lemma 3.3.
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(2) o is strictly increasing and unbounded
This is a consequence of 3.2(a) and (d).

(3) oy is right continuous on its domain

For suppose p._«.(g) | p.;(g) as m — . We now make repeated use of the
ordering property asserted by Lemma 3.3. First, {pn,«.(f)} is non-increasing
since {pn_«.(g)} is. Each term of {p., .. (f)} is bounded below by p,;(f): let
a = lim, pn . (f). Let € >0. Because of the density of the p,. .(f)’s in [0,),
there is an (no, ko) for which p,;(f) <pai(f) <pu;i(f)+8. Then p,;(g)<
Proie(8), SO P (8) < Proi(g) for all sufficiently large values of m. It follows
that p.._ . (f) < P i(f) for such values of m. Therefore a < p ..« (f) < pui(f) + 8.
Since & is an arbitrary positive number, a = p,;(f), so a = p,;(f). Therefore
P )4 pi;(g) implies p, i (f) 4 pu;(f). Since oy is increasing on its domain,
this suffices to establish its right continuity.

(4) fooo= g on the domain of o,

For f(ao(pu (8))) = f(pu () = 8 (ome (8))-

Now extend o to all of [0,%) by right continuity: o(t)= lim,, oo(p . x.(8))
where t <p, . (g) t as m — . The limit exists and is independent of the
particular sequence {p ..« (g)} chosen because of the monotonicity of o, so o is
well-defined. o is an extension of o, because of the right continuity of o.

(5) o is strictly increasing and unbounded
This follows immediately from the corresponding properties of o,

(6) o is right continuous

Suppose {t.} is a strictly decreasing sequence with limit #. There is a sequence
{(Am, k. )} such that (i) p.,.«.(g) is strictly decreasing in m and has limit ¢ as
m —, and (ii) |0 (tn) = P« ()| =0 as m —. Then {o(t,.)} and {pn,.«. ()}
have the same limit points. Since the latter sequence converges to o (t), so does
the former.

(7) o is continuous

Suppose o(t)— a(t —0)> & >0. For each n, let k, = sup{k : pu (g) = t}. Then
T(Pni(8) = 0(t)<T(Pri,1(8)), 50 O(Pnk.1(8))~ 0(Pni(g))>d, that is:
P i, +1(f) = Pui(f) > 8. Thus, for each n, there is an interval I, containing ¢ with
[I,|> & and such that the oscillation of f on I, is no greater than 2e,. (This last
fact follows from the definition of the p.’s and the triangle inequality.) Taking a
subsequence of n’s for which the endpoints of I, converge, we produce a
non-degenerate interval on which f is constant. This contradicts the assumption
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that f has no intervals of constancy. Thus o is left-continuous. Since we already
know that ¢ is right-continuous, (7) is established.

@) feo=g
This follows from the corresponding property of o,, and the right continuity of
f and g.

3.6. LEMMA. Suppose 7 is a path-defined stopping time relative to {9,-}. Then
0;7'(0) is the sub-o-field of & generated by the maps f — f(r + p ©6,) as p ranges
over 7, and 0 C 9. v 6;'(0).

Proor. If f is replaced by 6.f, f(p)=f(p(f)) becomes (8.f)(p(6.f))=
f(7(f)+ p(6.f)), so the first statement is obvious. Let P be the o-field generated

by sets of the form {r =s} and {p =7, p=s5, f(p)E E} as s and ¢ range over
[0,), p over 7, and E over 2. Then @ is a countably generated sub-o-field of
9., and P v 87(0) is countably generated. Suppose f and g belong to the same
fiber £ of v 9,'(0). Since they are in the same fiber of 2, 7(f) = 7(g), and, for
each p € 7, p(f) = 7(f) if and only if p(g) = 7(g) (= 7(f)), and then p(f) = p(g)
and f(p(f)) = g(p(g)). It follows from 3.2(d) that the restrictions of f and g to
[0, 7(f)] coincide. Let p¥(f) = 7(f) + pm (6.f), phe(g8) = 7(g)+ pue (6.g). Since
7(f)=7(g), and since f and g are in the same fiber of 6;'(0), f(pr(f))=
g(p*(g)) for each (n, k). Let o¥ be the set of all ordered pairs (p %(f), p 2e(g))-
Then, as in the proof of Theorem 3.5, o} is a function defined on a dense subset
of [7(f), ) which extends to a strictly increasing, continuous map o * of [7(f), ®)
onto itself. If we let f* and g* be the restriction to [r(f),) of f and g
respectively, it follows, again as in the proof of Theorem 3.5, that f*eo* = g*. I
we let o be the identity map on [0, 7(f)), and equal to ¢* on [7(f),®), o is a
change of variable which takes f into g. If follows from Theorem 3.5 that f and g
are in the same fiber of 0. Thus every fiber of @ is a union of 9, v 6:'(0).
Blackwell’s theorem now implies that 0 C @ v 67'(0).

§4. A fundamental property of Markov processes

In this section, we assume that X = (Q, o, M, X,, P) is a quasi-left-continuous
Markov process whose sample paths have no interval of constancy, and that 7 is
its distribution. For each p € 7, we denote by 0, the sub-o-field of & generated
by the sets {f : y(f) = p(f) <o, f(y) € E} as y ranges over  and E over 3. If
P = Pmi, 0, is denoted by O,... Suppose f and g are members of D, belonging to
the same fiber of 0, The argument used to prove Lemma 3.3 shows that
v:i(f) = v:f) = p(f) iff v:(g) = v(g) = p(g) for all y; and y: in 7. In other words,
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the sub-class of I consisting of those y’s for which y(f) = p(f), as well as the
relative order of their values y(f), is fixed on fibers of @,. This will be referred to
as “the ordering property”. It holds only with the qualification that f range over
members of D,, but, since «(D,) = 1 by virtue of Lemma 3.1 and the assumption
of no intervals of constancy, we can and will assume for the rest of this section
that the members of D to which we refer are in fact members of D,. Then
Lemma 3.3 (the ordering property on the fibers of 0) implies that 0, C 0. Since
sup{p.i(f):m =1,2,---,i=0,1,-- -} = 0o by 3.2(d), it follows that & = V O,,.
Fix m and i. Let & be the class of all fibers of @... The subsets of ¥ whose
unions belong to & form a o-field on which 7 induces a measure in the obvious
way, and we abuse notation by using 7 to denote this measure as well. Since @,
is countably generated, there is a disintegration {7, },cs of 7 with respect to 0,,.

4.1. THEOREM. p,.; is w;-almost surely constant on m-almost all fibers £ of 0,,;.

Proor. For each n, let k,=sup{k:puw =p.}, and A, = pn— ppo=
Pn1, "5 Dn ik, = Pni, — Pri,—1. 1t is a consequence of the ordering property that k.,
is O.;-measurable. We shall show that for 7-almost all fibers ¢ A, -+, A, ., are
independent relative to the measure . with S Ay = Pnx, CONVeErging -
almost surely to p... The desired result then follows from the central limit
theorem.

Fix n and I Let 2 be the sub-o-field of & generated by sets of the form
{Pu < p = pmi, f(p) E E} as p ranges over 7 and E over 3.

@ C.=0,vP

This follows from the decomposition

{p = pmi, f(P) E E} = {p = pui, f(p) € E}U{pu < p = pmi, f(p) € E}.

(b) PCO.vD;,

To prove (b), it suffices to show that, for each p € 7, p is 0, v D, -measurable
on {p = pu}: that is, {p = pu, p =s}€ O, v D} . To see this, observe that for
each p € J there is an integer m, together with rationals r,, - - -, r,, and stopping
times 0=p,=---=p, =p for which p,.=T(p,r+), i =0,---,m—1. Let
i*=sup{i:0=i=m,p, =pu}. Note that {p > p,} ={i* = m — 1}. We claim that
pi-+1 is Oy v D, -measurable. The ordering property implies that i* is O,-
measurable. On {i*=m — 1}, d(f(¢), f(p:-)) < .- for t € [p;-, pu ). But then

preos = inf{t : 1 2 pie, A(f(2), (p) Z e11)
=1inf{t : ¢ = pu, d(f(2), f(pi+)) = s}
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Since i* is O.-measurable, it now follows easily that pi,; is Ou v 9D,,-
measurable on {i*=m - 1}={p > p.}. The corresponding measurability of
Pis+2, "+ +, and finally of p,, = p now follow easily.

Since X is Markov, %,, L 9, given f(p.) (Lemma 2.6). It is clear that
0. C D,,, so it follows from Lemma 2.5(a) that @, L D, given f(pu) v O = Ou.
Applying Lemma 2.5(b), we have 9,,, L @, v O, given O,. Since P C D, v Ou,
Lemma 2.5(a) implies 9,, L @, ,v 0. given O, v ?. But O, v P = 0,;, so we
have 9,, L 9, given 0,;. Now fix k. Let C, = {k. = k}. The ordering property
implies that k., is constant on fibers of 0,:.. The conditional independence we
have just demonstrated implies that, if | < k, the random vectors (Any,** <, Aw)
and (A, :+1, - * -, An ) are independent relative to the measure ; for 7-almost all
fibers £ in C.. It follows that, for 7 -almost all fibers ¢ of Oni, {Ans, -+, An i, Ju=1 1S
a triangular array of random variables with the members of each row -
independent. It is an easy consequence of Proposition 2.11 that oA =
Pr. k. = Pmi ON Dy. Since k,, = sup{k : p.x = pmi}, it follows from the density of the
P (fY's in [0, ), hence in [0, p. (f)), that oA = Pnx, = Pmi a8 n >, Let
be such a fiber: that is, A,,, - - -, A, are independent relative to the measure 7,
for each n. If we could show that max;sk=k, A — 0 in 7;-measure as n — =, the
nomal convergence criterion (stated on page 316 of [5]) would imply that p,. is
normally distributed relative to the measure .. Since p..; is non-negative, this is
only possible if p... is degenerate, that is, if it is 7;-a.s. equal to a constant. Thus
to establish this degeneracy for = almost all {, it suffices to show that
MaX;<i sk, A — 0 pointwise on Ds. (For (Do) = 1 by assumption, so 7, (Do) =1
for m-almost all fibers {.) Suppose not. Then there is an f€ D, and a
subsequence of n’s with corresponding j,’s, 1=j, =k, such that A, (f)=
Pr.i.(f) = pni-1(f) = & for some & > 0. For such an n, the oscillation of f on the
intervals [pa;-1(f), pi.(f)) cannot exceed 2, Since these intervals are all
contained in I = [0, p..(f)], it follows from Proposition 2.9 that there is a
subinterval of I on which f is constant. But f € D,, so this is a contradiction. So
maxzi=k, A does indeed go to 0 pointwise on D, as n — «, which completes
the proof of the theorem.

The set {p; = p...} belongs to O,.; by virtue of the ordering property, hence is a
union of fibers of @,.;. With minor amendments (and more subscripts) the proof
of the last theorem demonstrates that p, is .-almost surely constant on
ar-almost all fibers £ of 0,,; belonging to {p; = p...}. We state this as a corollary.

4.2, COROLLARY. py is we-almost surely constant on w-almost all fibers £ of O,
contained in {py = pmi}.
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Since O is a countably generated sub-o-field of 9, there is a disintegration
{m}ces of 7 with respect to O (F denotes the class of all fibers of 0). This is the
disintegration implicitly referred to in the following corollary.

4.3. CoroLLARY. For w-almost all fibers of £ of O there is a g € & such that 7,
is the point mass on g, and for which, given p € 7, p(f) = p(g) for w.-almost all f
in £

Proor. The argument used in the proof of Theorem 4.1 demonstrates that,
for any p € , p is w.-almost surely constant on #-almost all fibers £ of O,.
Suppose ¢’ is a fiber of O for which = is a probability measure and on which
each p € J is m.-essentially constant. Let ¢, be the m,.-almost constant value of
p on &'. Since =, is a non-zero measure, there is at least one g € ¢’ with p(g) =1,
for all p € 7. Let h be any member of £’ with p(h) = ¢, for all p € 7. Recall our
assumption that g and h belong to D;. Since the t,’s are dense in [0,%), h = g.
Thus 7, concentrates all its mass on g. This completes the proof of the corollary.

We now consider the case in which X = (€}, o, M, X,, P) has a transition
function {P.(x, E)} which induces a standard process on D. Recall that this
means that, if the P, ’s are the probability measures on path space constructed via
P, (x, E) in the usual way, then P, (D)= 1for all x € § and (D, &, %:+, 1., 6,, P,) is
a standard Markov process in the sense of Blumenthal and Getoor. To avoid
conflicting notation, we denote the measure on & corresponding to the initial
measure p by s, rather than P, (although we continue to use P, rather than

775,‘).

4.4. THEOREM. Suppose that X is a Markov process whose paths have no
intervals of constancy, and which has a transition function P,(x, E) inducing a
standard process on D. Then there is a G C D such that, for each f € G, there is a
function y(f,+) on [0,) onto [0,) which is strictly increasing and continuous,
and which satisfies the following properties for any initial measure . (We denote
m, by @, and y(-,s) by v,.)

(1) G is a union of fibers of O with G € @ and = (G)=1.

(2) For each s and t, {y. = s} belongs to the w-completion of @,-.

(3) For each s and t,

4.1) Ysee T Ys = Ve 0Oy,

m-almost surely.
(4) Let {m.}:e5 be a disintegration of w relative to 0. Then for w-almost all fibers
£ of O, there is a g € ¢ for which 7, =8, and foy(f,-)= g for each fE ¢
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Proor. We apply Proposition 2.13, with the sub-o-field € referred to in its
statement equal to O, to obtain a system {P, .(A)} of set functions for which
{P, ;}.es is, for fixed x, a disintegration of P, with respect to O (here % is the
class of fibers of 0), with the property that for each & € 9, P, (A) is jointly
measurable in (x, £). Since p,, = 0, f(0) is an O-measurable functionof f. If £ isa
fiber of @, the value of f(0) common to all f € £ is denoted by £(0). Clearly £(0) is
an O-measurable function of £ Let @, be a countable subfield of & which
generates 9. We say that a fiber ¢ of 0 is a good fiber if there is a g € D such
that P, {(A) = 8,(A) for each A € . We set G equal to the union of good
fibers.

Let x be an initial measure, and set 7 = m,.. Let {p¢}.es be a disintegration of
m relative to 0.

(a) For each A €9, P (A) is O-measurable in ¢ and equal 7-almost
surely to 7. (A).

ProOFOF (a). Suppose A € 9, P, .(A)is T X O-measurable in (x, £) by (1) of
Theorem 2.13. Since x = £(0) is 0-measurable in £ Pq.(A)is 0-measurable in
£ Suppose E € 0. Then

[ m@m@e=nano
- [ PAn O
= [ (] Pucta)p(a@®) @)
= [ ([ PeocarP.@e)) w(an)
= [ ([ 1e@Peo.c(A)P.(@0)) u(ax)
= [ 1e@Puwa)m(a)

= L Py, (A)m(dE).

The various steps are justified not only by the definition of m, {w¢}, {P. .} and
their properties but by the fact that P, ({¢ : £(0) = x}) = P, ({f : f(0) = x}). This
property, called normality ({1}, page 30), is part of the assumption that
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(D, 9, 2.+, m,, 0, P.) is a standard process ([1], page 45). Since C is an arbitrary
member of O, the proof of (a) is complete.

Clearly ¢ is a good fiber iff P, (D)= 1 and P} {A)= P;q.(A) for each
A € %,. We thus conclude from (a) that G € §.

Since @ is countably generated, it follows from (a) that, for 7-almost all £,
P.o.{(A)=m(A) for all A € 9. Corollary 4.3 shows that the set of fibers £ for
which =, =8, for some g € D has w-measure 1. Thus the set of £’s with
P0)¢(A) = 8, for some g has m-measure 1, which proves (1). If £ is such a fiber,
and if f € ¢, it follows from Theorem 3.5 and Proposition 2.10 that there is a
unique change of variable taking f into g, and we define y (f, - ) to be that change
of variable. Thus y(f, t) is defined for all f € G and ¢ € [0,«), and (4) holds.

For each f € G, let pu(f) = pu(g) if m = &, for the fiber £ containing 0. It
follows from Corollaries 4.2, 4.3, and 2.12 that p; is w-almost surely O-
measurable; in fact it is easy to deduce from Corollaries 4.2 and 4.3 that any
0..-measurable version of E. (pu | 0.) is m-almost surely equal to p:. Since
foy(f,+)=g, it follows from part (a) of Lemma 3.4 that y(f, 6 (f)) = pu (f) for
feaG.

(b) For each s and ¢,

2) == U U {séﬁ,,»§s+—1-,pu§t+l}
@ m n

n=1 m=1

(this equality assumed to hold modulo a m-null set).

ProoFoF (b). Suppose first that f € G, and that y(f, s) = t. Fix n. Since y(f, -)
is strictly increasing and continuous, there is an m with y(f,s +1/m)=t+1/n.
Since the py’s are dense in [0,) (by 3.2(d)), there is an (i) with p:(f) €
[s,s + 1/m). Then

pi(f)= vy ())=v(fs+ 1/m)=t+1/m.

Since n is arbitrary, f belongs to the right hand side of (4.2).
Suppose f belongs to the right hand side of (4.2), and that f € G. Fix n. There
is an m and an (I, i) for which s =g, (f)=s+ 1/m, and p; (f)=t + 1/n. Then

y&Es)=syE () =p(f)=t+1/n

Since this holds for all n, y(f, s) = . Thus the intersections of the two sides of
(4.2) with G are identical. Since 7(G) =1, (4.2) holds modulo a 7-null set.
We now establish property (2). The set {s=p, =s+1/m, p, =t+1/n} is
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m7-almost surely equal to {s=Z;=s+1/m, p, =t+1/n} where Z, is an
O.-measurable version of E., (p; , 0,).But {s=Z,=s5+1/m}€0,C9,, so

s=Ziss+1min{pn=t+1/n} € Diryn

Since {s = Z; =5+ 1/m, ps =t + 1/n} is non-increasing in n for fixed (I, i) and
m,

n=1 m=1

N U Ufss=Z,ss+1/mpun=t+1/n}=
@i

= ﬂN U U{{s=Ziss+1/m,pu<t+1/n}
"=Nomst i)
for any N, hence belongs to 9., for each N, hence to @,-. It follows from (b)
that {y, = t} belongs to the 7-completion of %,-.

We now prove (3). We shall establish that, for each value of s, both f and 4, f
belong to good fibers, and that if ; = §,, where { is the fiber to which f belongs,
then 7, = 8, where {; is the fiber to which 6,, belongs. It then will follow that
y(6,.f, - ) is the change of variable which takes 6, f into 6,g. This (unique) change
of variable is easily seen to be the map t — y(f, s + t)— y(f, s). The proof that
the translate of f by 6, corresponds to the translate of g by s is somewhat
involved, but is basically an application of the strong Markov property.

Fix s €[0,). Let ¢ denote 6,. Let u, be the distribution of 7, that is,
ws(E)=a({f: f(v(f, s)) € E}). Since v, is a @,+-stopping time by virtue of (2), a
fairly routine argument using the strong Markov property shows that me¢ ' =
m,., (see the proof of corollary 8.5 on page 39 of [1]).

(c) If Z is a bounded, %-measurable function on D, then

4.3) E(Z°¢|0)=E,..(Z|0)c¢p  m-as.

Proor oF (c). Foreach O€ 0, ¢ (O)={f:fE€ G, ¢(f)E 0}, and ¢ (0) =
{¢# '(0): 0 € 0}. Since G is a union of fibers of O with 7(G) = 1, the identity

(4.4) E(Zo¢|¢7(O) = E...e(Z]|0)e ¢,

well known if ¢ is Z-measurable and defined on all of G, holds for ¢ = vy,.. Thus
it suffices to prove

4.5) E.(Z°¢|0)=E.(Z°¢|$7(0)).

Let 2 = 9@, v ¢ '(0). By virtue of Lemma 3.6, 0 C 9, v ¢ (0). We now show
that E.(Z°¢ | (0)=E (Z-$|2). Relative to m, D, is conditionally

independent of @,, given 7. But 7, is 7-a.s. ¢ '(0)-measurable and ¢ '(0)C
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@, (modulo ), so @7, is conditionally independent of @7, given 5, v ¢ (0) =
&~ '(0) by virtue of part (a) of Lemma 2.5. Since Z o ¢ is 7-a.s. 9 -measurable,
it follows that

E.(Z°¢|2)=E.(Z°¢|D, v (O)=E,(Z°¢|d7'(O).

We now show that ¢ ~'(0) C 0 (modulo 7). Suppose that £ C G. By (4) there is
a g € £ such that foy(f,-)=g for all f € & Fix f € £ and denote y(f,-) by o.
For cach 1€[0,%), let f.(t)=(6,f)(t)~f(¥), 8.(t)=(6g)(t)—g(s), and
o, (t)=vy(f,t +s)— v(s). In the proof of Lemma 3.4, we observed that f,ca, =
g.. Since f(y(f, s)) = g(s), it follows that @, f o o, = 6,g. It follows from Theorem
3.5 that 6, f = 8,g(mod O); hence if f, and f, are both in ¢, 8, f, = 8, f,(mod O).
This shows that for 7-almost all fibers { of 0, ¢ ~'({) is a union of fibers of O,
which in turn shows that if 0 € 0, ¢ '(0) is, modulo a 7 -null set, a union of fibers
of 0. Since ¢ ~'(0) is @-measurable, it follows from Corollary 2.12 that ¢ ~*(0) is
in the m-completion of 0.

Since 2 D 0 D ¢7(0), and since E(Zo¢ |2)=E(Z-¢ l o~ '(0)), it follows
that E(Zo¢ | 0)=E(Z<¢ | $7'(0)), and (c) is proved.

The fact that two members of the same fiber ¢ C G are equivalent modulo €
implies that the direct image ¢ (&) of £ under ¢ is a subset of some fiber of 0. We
denote this fiber by ¢*(§).

Let {mg be a disintegration of w°¢ ' relative to 0. For each bounded,
2-measurable Z on D, we use the disintegrations {#g and {=,} to produce
O-measurable versions of E,. (Z o ¢ { O)and E ,..,-(Z ] 0) respectively. Then we
conclude from (c) that the set of ¢’s in G for which

(46) f Z°¢d77§ = I Zdﬁ;,-(g)

is of w-measure 1. Indeed, if & is a countable collection of such Z’s, the set of
&’s in G for which (4.6) holds for each Z € Z is of 7-measure 1.

Since wodp ' = m,., (¢ (G))=1by (1), so (G N ¢ (G))= 1. Note that if
£EG NG (G), then £ €E G and ¢p*(£)C G. By (4), for m-almost all ¢, , is a
point mass concentrating on £. It also follows from (4) that = is a point mass on ¢
for 7 o ¢~ "-almost all £; that is, 7§, is a point mass concentrating on ¢ *(¢) for
w-almost all £. Thus the set H of fibers ¢ for which £ € G, ¢*(£)EG, m; is a
point mass on £ and 7 4« is such point mass on ¢ *(£¢), and for which (4.6) holds
for each Z € &, has w-measure 1. Suppose ¢ € H. Then &, = 8, where (by virtue
of (4)) for each fE€¢ y(f,-) is a change of variable taking f into g, and
o) = O, Where, for each f' € ¢*(¢), y(f', -) is a change of variable taking f’
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into g'. By (4.6), we have Z(¢(g))= Z(g') for all Z € Z; and Z can be chosen
rich enough to ensure that this last implies that g’'= ¢(g). Now, if fE,
& (f) € ¢*(£), and so y(¢(f), ) is a change of variable which takes ¢(f) into
o(g). But ¢(f) = 0..f, and ¢(g) = 6,8 = 8¢ (this last because y(g, s) = s). But
we observed in the argument leading to (d) that the change of variable taking 6, f
to 8,g is o*, where o*(t)=o(t +s)—o(t) = y(f,t + 5)— v(f, t). (We emphasize
once more that the phraseology “the change of variable” is justified by
Proposition 2.10.) We have shown that for a fixed s, there is a union of fibers H
with 77(H) =1 such that, if f € H, y(6,.f,t)= y(f,t +s)— y(f, ¢t) for all . This
establishes property (3), completing the proof of the theorem.

§5. The equivalence under time changes of processes with the same hitting
probabilities

Suppose that X = (Q, o, M, X, P) and X = (Q, &, M, X, P) are quasi-left-
continuous stochastic processes with right continuous o-fields, whose paths have
no intervals of constancy, and which have identical state-dependent hitting
probabilities in the sense of [2], definition 2.6. We extend previous notational
conventions from X to X. In particular the symbol X will be used to denote not
only the process ({2, o, ., X, P) but also the map of Q) into D given by setting
X (&) equal to the function whose value at ¢ is X, (&). We use # to denote the
distribution of the process X = (}, &, M, X,, P); that is, # = Po X"

5.1. LemMa. {f X and X have the same state-dependent hitting probabilities
and inital distributions, then the restrictions of w and 7 to O are identical.

Proor. In definition 3.13 of [2] there is defined a sub-o-field of &, denoted
there by 0. We denote it by 0*, as O is used for a different purpose here. It is
shown in [2] that if f and g are cadlag functions without intervals of constancy
and if f and g are in the same fiber of 0%, then there is a change of variable o
such that fe o = g (lemma 5.2 of [2]). It is easy to see that the converse holds: if f
and g are in D,, and there is a change of variable o such that g = foo, then f
and g are in the same fiber of 0*. It follows from Theorem 3.5 that € and 0*,
considered as o fields over D,, have the same fibers. Both are countably
generated, so Blackwell’s theorem implies that @ = 0*. It is shown in [2],
however, that the restrictions of 7 and 7 to 0* are identical (theorem 3.14).

5.2. THEOREM. Let X and X be quasi-left-continuous processes, whose sample
paths are right continuous, continuous from the left, and have no intervals of
constancy. Suppose that they have the same state-dependent hitting probabilities,
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and the same initial distribution. Suppose also that X is a Markov process with a
transition function P, (x, E) which induces a standard process on D. Then there is a
continuous time change {7,t = 0} for X such that (Q, o, #.+, X, P) is a Markov
process with transition function P, (x, E), where, for each t, ¥, is the sub-o-field of
o generated by all X, with 0= s = t. If X is Markov, then (Q, 4, M., X, P) is a
Markov process with transition function P.(x, E).

Proor. Assume the hypothesis. Then X satisfies the hypothesis of Theorem
4.4. Let u be the initial distribution common to X and X. Then # = Po X 'is
the measure on (D, @) determined by u and the transition function P(x, E). As
before, m = Po X '. Let ¥(f, t) be the function described in Theorem 4.4. (We
use “G” instead of G, and replace 7 by # and m, by #, respectively.) We define
{r,t =0} on X by setting 7,(w) = 7(X(w), ) for each w for which X(w)€E€ G.
Since G is a union of fibers of @ with 7-measure 1, and since the restrictions of
and 7 to @ are identical by virtue of Lemma 5.1, G has 7-measure 1, so the
domain X7'(G) of 1, has P-measure 1. Since

(rn=st={w: 7(X(0), ) =s}X (7. = s)€ X (D?)C M,

and since continuity in ¢ of 7, is a consequence of the corresponding property for
¥, {7, t = 0} 1s indeed a continuous time change for X.

We abuse notation by using 7 to denote the map from G into D defined by
[F(O1) = fGE (1), t =0, f € G. It is easy to see that the distribution of {X.,} is
equal to 7oy ". Let {m} and {7} be disintegrations relative to 0 of 7 and
respectively. By Theorem 4.4, for 7 -almost all fibers ¢ of 0, there is a § such that
7, = §; and y(f) = g for each f € & Since w = 7 on O, the 7-measure of this set
of fibers is the same as its 77-measure, namely 1. Let A € 0. For 7 -almost all of
these fibers, , is a probability measure concentrating all its mass on £: then if

7y = 8 with ¥(f) = &,
m({f:7(HHeAD=m{f: fELT(IE AN =8,(A) =7 (A).

Using once more the identity of 7 and # on O, it follows that w(y(f)E A)=
#(A). Thus 7 o7 ~' = 7. In other words, {X,, t = 0} and {X,, t = 0} have the same
finite-dimensional distributions.

Suppose s =0, that 0=s,<---<s,=s, that E;€EX, i=1,---,n, and let
C={w : X, €E,- -, X, € E.}. Let t =0, and E € X. Then
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P(X,.€E}NC)=n({n« €EE n,€E) -, 1, EE.})

Ts+t

=73 {0 €EE, n,EEy,--+,m,, €E.)})

= ﬁ-({n-‘“ € E’ "'lsl e Eh Tty 7’:,, € En})

= f P.(n., E)d#
{n,,€E1. . n, EE,)

= J- P‘ (177., E)d"r
{n,’les,,-..,n  EEa}

= J' P.(X,, E)dP.
C

It follows that

(5.2) P(X..€E|#)=PB(X.,E) P-as.

Ts+1

For any bounded X-measurable function f on S, let (Bf)(x)= [ f(y)P.(x, dy),
x € S. Suppose f is a bounded continuous function on S. Then (P.f)(m,) is
#-almost surely continuous in s by Theorem 2.8 (applied directly to the path
process induced on D by {P.(x, E)}). This implies that (P.f)(v,,) is -almost
surely continuous in s, hence that (P.f)(X.,,) is P-almost surely continuous in s. A
routine sort of argument, similar to but simpler than the proof of theorem 8.11
on page 41 of [1}], now shows that (2, &, .+, X, P) is a Markov process having
{P.(x, E)} as transition function.

Suppose X = (Q, &, M, X, P) is Markov. It follows from the definition of
{r,t =0} and (4.1) that 7., — 7, € X (@) C %.. It follows from Corollary 2.4
that

(5.3) P(X..€E|M,)=P(X. €E|X,) P-as.

Ts+e

Since X,, is ¥,-measurable, it follows from (5.2) that

(5.4) P(X..€EE|X,)=P(X.,E) P-as.

Thus we have, for each s, t €[0,) and E €3,
(5.6) P(X..EE|M.)=P(X.,E).

An argument identical to the one given above, using Theorem 2.8, enables us to
conclude that (Q, 4, 4., X., P) is a Markov process having P(x,E) as a
transition function. This completes the proof of the theorem.

5.3. CororLARY. Suppose
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X =(Q, M, M, X,60,P*) and X =, 4 M, X,6,P")

are Markov processes, with state space (S,2), in the sense of Blumenthal and
Getoor. Suppose that both X and X are standard, that the sample paths of both
have no intervals of constancy, and that they have the same hitting distributions
(see page 234 of [1]). Then there is a time change {r,t =0} for X such that
X =, MM, X.,0,,P*) is a strong Markov process with the same transition
function as X. Furthermore, {r,t =0} is the inverse of a continuous additive
functional on X.

Proor. Since X is standard, P*(D)=1 for any initial distribution u. The
transition function of X therefore induces a standard process on D. Now apply
Theorem 4.4 to obtain the function 7(f,t) described there, and set 7.(w)=
#(X(w), 1), where X(w) is the member of D described by the sample path
{X.(w), s =0}. Let u be any initial measure. Let 7, and 7, be the measures
induced on (D, @) by u and the transition functions of X and X respectively.
The set G of f’s for which (f, - ) is defined has 7, measure 1; since G is a union
of fibers of O it has m,-measure 1 by virtue of Lemma 5.1, which is applicable
since the stochastic processes (D, @, @+, 0, 7.) and (D, 9, D+, ., 77,.) have the
same state-dependent hitting probabilities. Now, m, = P, X', where P, =
[ P*(-)p (dx) (see page 25 of [1]). Therefore X '(G) has P, -measure 1. Since u
is arbitrary, 7. (w) is defined (for all ¢ = 0) almost surely in w; here we are using
“almost surely” in the sense of definition 5.7 on page 27 of [1]. For each x € §,
let 7, = 7, and 7, = 7, with u = 8.. To show that X is strong Markov with the
same transition function as X amounts to showing that, for each x € S, the
stochastic process (Q, 4, M., X,, P*) is a Markov process (in the sense of
Definition 2.2) with the same transition function as the stochastic process
(ﬂ,.it,]t,,)?,, P*). But this follows from Theorem 5.2.

We complete the proof by showing that {r, t = 0} is the inverse of an additive
functional for X. (Although the additive functional will be defined almost surely,
the set of @’s on which it is defined may not include the entire domain of {r.}.)
We begin by applying Theorem 4.4 to X (not X as in the first part of the proof)
to obtain a function y(f,t) and a G C D satisfying the properties stated in the
theorem. Suppose £ C G NG. Then ¢ contains a g, and a y(f,t) such that
fey(f,-)=8 and fo7(f,-) = g for each fE £& We set a(gs )= v(&s")-

Suppose u is any initial measure. Let 7 = m,.. Since 7, = §,, for 7-almost all
fibers £, m({g;: ¢ CGNG}H=1.

Since 8¢ °7(8s-) = §» and §e°v (8o ") = 8o (8 ')= 'Y—(gb *)
that vy is the inverse of a on the domain {g;: ¢ C G N G} of a.

"' which shows
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We now show that for each s, f, and initial measure u, {g;:¢C G NG,
a(g,, 1) = s} belongs to the completion of & under .. Since

a(gat)=s © v t)'=5s & t=y(g ),
and since

Fre=y@s)={:7(s)<t}CD C Do, U{ge : a (g, 1) = 5}

is the intersection of a member of @+ with the set {g; : £ C G N G}, which has
7, -measure 1.
What remains is to show that, for each s = 0 and initial measure pu,

(5.5) Qopr = @, + 0, 00, 7, -almost surely.

Earlier we showed that if £ € G then 6, ¢ is a subset of a fiber ¢, of 0, and for
m,.-almost all £ C G, & C G and g, = 0.8.. If we replace X by X in the argument
used to establish this, we see that for #,-almost all £ C G, hence for #,-almost
all ECGNG, & CG and g, = 0. Since m, = 7, on O, it follows that for
m,-almost all ECG NG, £ CGNG, g, =08, and g, = 0. For such an ¢,

Cl(gf) s+ t): Y(g§a s+ t) = 7(g§,8)+ Y(GY:gf’t) = a(gé’s)+ Y(073g57 t)'

But a(os s t) = Y(esg§a t) = Y(gf’ s+ t)_ Y(g—b S). Thus a(0$ 8e t) = ‘Y(Ong'b t)’
and s0 a(g, s +1t)= a(g,s)+ a(0gst). This proves (5.5).

If we now define A (w, t) = a(X (o), t) for all @ € Q for which X(0) € G N G,
it follows from the properties just now demonstrated to hold for « that A is a
continuous additive functional for X of which {r,t =0} is almost surely the
inverse. (For the definition of additive functional, see page 148 of [1], where the
multiplicative functional M figuring in the definition given there is taken to be
identically equal to 1.) This completes the proof of the theorem.

§6. Theorem 5.2 contains the theorem of Blumenthal, Getoor, and McKean
([1], page 234) on the equivalence under time change of two standard processes
with identical hitting distributions — in the case in which both processes have
identically infinite killing times and the sample paths of both have no intervals of
constancy. As we mentioned earlier, we intend to consider the case of Markov
processes with holding states ({1}, page 91) in a paper now under preparation.

In [3], Dubins and Schwartz showed that a continuous fair process, whose
sample paths have no intervals of constancy, can be time-changed into Brownian
motion. It is not hard to see that a fair process is a stochastic process with
state-dependent hitting probabilities identical to those of the Brownian motion
process. Our Theorem 5.2 thus includes their result as well.
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Added in proof. We have recently ([8]) sharpened not only the results proved
in this paper but also the ones stated in the introduction. We refer the reader to
the research announcement [9].
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